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INTRODUCTION 

¢ƘŜ ǇǊƛƴŎƛǇŀƭ ƻōƧŜŎǘƛǾŜ ƻŦ ǘƘŜ aŀǎǘŜǊΩǎ ƛǎ ǘƻ provide analysts and scientists with 

training in the Finite Element Method for use in the professional world, as a university-

ǎǇŜŎƛŦƛŎ aŀǎǘŜǊΩǎ ǎƘƻǳƭŘ ŘƻΦ ²ƛǘƘ ǘƘƛǎ ƻōƧŜŎǘƛǾŜ ƛƴ ƳƛƴŘΣ ǘƘŜ aŀǎǘŜǊΩǎ ƛǎ ǎǘǊǳŎǘǳǊŜŘ ƛƴǘƻ 

foundation subjects, which give an overview of the Finite Element Method, and 

application and practical subjects where professional software currently on the market 

is used. 

Lƴ нлмлΣ ǘƘŜ ŘƛǊŜŎǘƻǊǎ ƻŦ ǘƘŜ aŀǎǘŜǊΩǎ ŘŜŎƛŘŜŘ ǘƻ ƳŀƪŜ ƛǘ ŀƴ ƛƴǘŜǊƴŀǘƛƻƴŀƭ ŎƻǳǊǎŜΣ ŀƴŘ 

they made it available worldwide.  

UNED and Ingeciber, their principal partner in the 

aŀǎǘŜǊΩǎΣ ŀǊŜ ƛƴǾŜǎǘƛƴƎ ƛƴ ŀ ŘŜǘŜǊƳƛƴŜŘ 

internationalization of students and collaborators and 

want to offer participants the maximum number of 

options, with the objective of sharing experiences in the 

world of CAE on a global level. 
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METHODOLOGICAL GUIDANCE 

Due to the heterogeneous knowledge and experiences of the students of a course such 

as this, the provision of a multidisciplinary approach ranging from the most basic 

knowledge of certain essential subjects to other more difficult subjects that deepen 

knowledge in specific areas has been attempted. Furthermore, some freedom has 

been left to professors so they can approach each subject from their own perspective, 

losing uniformity but gaining a variety of viewpoints. Nevertheless, the extensiveness 

of the FEM and virtual simulation makes more teaching hours necessary in order to 

cover all the specific aspects of the course, therefore every subject has been limited in 

its length and depth to its credits or corresponding hours. Students interested in 

deeper understanding of certain aspects of the syllabus may start with the additional 

bibliography specified in the syllabus of each subject and may consult with the 

professor/tutor of the subject. 

It is very important to highlight that, in a 

distance learning course, the students 

must have the self-discipline to follow 

the timetable of teaching hours for each 

subject, according to the given guidelines 

and order of the course (section I from 

the General Student Guide). 

During the weeks devoted to each subject in the schedule, and two additional weeks 

once the subject is finished, there are four hours per week of tutorships or 

consultation about the subjects taught.  

Finally, the continuous assessment exercises must be completed during the term of 

the corresponding subject and exams must be taken at the end of the term as detailed 

in section I.8 and I.10 from the General Student Guide. 

If the students do not take or do not pass their exams, they cannot obtain the 

corresponding diploma. 
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BASIC MODULES 

MB.1. - F.E.M GENERAL THEORY 

TEACHING STAFF 

Juan José Benito Muñoz 

Jesús Flores Escribano 

1. - OBJECTIVES 

The aim of this subject is to consolidate the 

foundations of the Finite Element Method, by 

thinking mainly about its application in structure analysis, although the basic ideas can 

be generalized without any difficulty. 

Furthermore, it should be pointed out that the subject starts with the most basic 

concepts, initially treated intuitively in order to allow them to be easily assimilated.  

2. - CONTENT 

The organization of basic ideas, already known to the student, is the beginning of the 

subject´s syllabus, which tries to organize them using a matrix approach so that the 

structural calculation will be more effective. It will immediately set out the heart of the 

formulation of the direct stiffness method and the problem will be reassessed from a 

more powerful and general point of view. At the beginning, it will deal with the linear 

elements, which are easier to handle. 

Subsequently, the elastic-linear problems are set out, taking a further step in the 

generalization of ideas, and the ὅ shape functions are studied in detail. 

Finally, the theme of plates is discussed with the aim of laying the foundations for a 

later study about this important structural type and, above all, of presenting general 

ideas about the problems raised previously and the solutions adopted in the cases 

demanding ὅ continuity.   
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INDEX 

I. Introduction. Classical Approximation 

1.1. - Introduction 

1.2. - Posing the Problem 

1.3. - The Direct Stiffness (or Displacement) Method 

1.4. - Matrix Formulation 

1.5. - Conclusions 

1.6. - Application examples 

II. Foundations: Differential and Integral Formulations. Approximation to Exact Solution 

Elements 

2.1. - Introduction 

2.2. - The State or Field Equation. Differential or Strong Formulation 

2.3. - Direct Formulation 

2.4. - The Principle of Virtual Work 

2.5. - Energy Formulation 

2.6. - Equivalence of Integral and Differential Formulations 

2.7. - Approximation 

2.8. - DŀƭŜǊƪƛƴΩǎ aŜǘƘƻŘ 

2.9. - Spline Functions 

2.10. - The Concept of an Element. Shape Functions 

2.11. - Structure Stiffness Matrix and Load Vector. Calculation of Displacements 

2.12. - ¢ƛƳƻǎƘŜƴƪƻΩǎ .ŜŀƳ 

III. The Direct Stiffness Method 

 3.1. - Introduction 

3.2. - Coordinate Systems 

3.3. - Transformation of Coordinates. Axes Rotation 

3.4. - Assembling the System of Equations 

3.5. - The Boundary Conditions 

3.6. - Calculation of Displacements 

3.7. - Calculating Reactions and Internal Forces 

3.8. - Examples 

IV. General Approach for the Finite Element Method. Application in Elastic and Steady-State 

Field Problems. 

 4.1. - Introduction 

4.2. - Differential Approach to the Boundary Value Problem 

4.3. - Integral Approach to the Boundary Value Problem 

4.4. - Approximation 

4.5. - The Finite Element Method 

4.6. - Global Features. Application of Essential Boundary Conditions 

4.7. - Application of FEM in Solving Linear Elastic Problems 

4.8. - Steady-State Field Problems 

4.9. - Convergence 

V. Shape Functions of Continuity. Isoparametric Elements  

5.1. - Introduction 
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5.2. - Normalized Coordinates 

5.3. - Families of Shape Functions of Continuity 

5.4. - Transformations 

5.5. - Isoparametric Elements. Numerical Integration 

VI. Thin Plate According To Kirchhoff Theory 

6.1. - Introduction. Starting Hypothesis 

6.2. - Differential Approach. Field Equations. Definition of Stress 

6.3. - Integral Approach. Principle of Virtual Work 

6.4. - Finite Element Discretization 

6.5. - Requirement for continuity C1 

6.6. - Nonconforming Plate Element 

6.7. - Conforming Plate Element 

6.8. - Conclusions 

VII. Thick plates. Reissner-Mindlin Theory 

7.1. - Introduction 

7.2. - Differential Approach. Stress Definition 

7.3. - Integral Approach 

7.4. - Finite Element Discretization 

7.5. - Shear Locking Solution 

7.6. - Triangular Elements 

A. - Elementary stiffness matrices 

B. - Equivalent Nodal Loads 

C. - Rigid Nodes of Finite Size  

D. - Plane Stress and Strain  

D.1 Plane Stress (XY Plane) 

D.2 Plane Strain (XY Plane) 

E. - Numerical Integration 

E.1 Quadrature Rules 

E.2 Gaussian Quadrature 

E.3 Multiple Integrals 

F. - Historical Reference 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

  Course Learning Units  

4. - BIBLIOGRAPHICAL REFERENCES 

ALARCÓN, A., ALVAREZ, R. & GÓMEZ-LERA, S. Cálculo Matricial de Estructuras. 

Barcelona, Spain: Ed. Reverté, S.A., 1986.  ISBN: 84-291-4801-9. 

BATHE, K.J. Finite Element Procedures in Engineering Analysis. New Jersey, USA: Ed. 

Prentice-Hall, Inc., 2007. ISBN-10: 097900490X / ISBN-13: 978-0979004902. 
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OÑATE, E. Cálculo de Estructuras por el Método de Elementos Finitos. Análisis Estático 

Lineal.  Spain: Ed. CIMNE, 1995. ISBN: 9788487867002. 

ZIENKIEWICZ, O.C. & TAYLOR, R.L. The Finite Element Method: Its Basis and 

Fundamentals. Sixth edition. Oxford, UK: Ed. Elsevier Butterworth-Heinemann, 

2005. ISBN-10: 0750663219/ ISBN-13: 9780750663212. 

Spanish version: ZIENKIEWICZ, O.C., TAYLOR, R.L. El Método de los Elementos Finitos. 

Formulación Básica y Problemas Lineales. Fourth edition. Barcelona, Spain: Ed. 

CIMNE - McGraw-Hill, 1994. ISBN: 9788495999528. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

In the distance learning exercises, the exercises and problems given must be directly 

resolved and delivered on time. 

6. - SPECIFIC RECOMMENDATIONS 

It is advisable that the problems included in the distance learning exercises are 

resolved as the student moves forwards in the study of the learning units for 

sequentially clarifying, as soon as possible, any doubts that may arise.   

It is recommended to perform the Self-Assessment Tests, which will help the students 

know their learning status. Tests results are not taken into account for subject grades, 

only for student informative purpose. 

7. - TUTORSHIPS 

Students can contact the tutor using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Professor Jesús Flores Escribano 

E-mail: jes.flores@invi.uned.es 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 
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MB.2. - INTRODUCTION TO F.E.M PROGRAMMING 

TEACHING STAFF 

Luis Gavete Corvinos 

1. - OBJECTIVES 

The objectives of this course are focused on teaching students to use and introduce 

desired changes on a small computer program using the Finite Element Method. To 

that end, the student is provided with solid basis of programming with some basic 

algorithms related to data structure and numerical calculation. Thus, using this basis 

and simple programming language the programming of the Finite Element Method is 

addressed.  

We believe, therefore, that the objectives 

of the course are covered by the 

information provided, although students 

can improve the programming 

themselves so that the programs are 

more effective. We have opted for clarity 

over the efficiency of the program. 

Therefore, we have used the BASIC 

language because of its ease of use and 

its wide dissemination. 

2. - CONTENT 

The Introduction to FEM programming course is divided into four sections. The first 

ǎŜŎǘƛƻƴΣ ŎŀƭƭŜŘ άtǊƻƎǊŀƳƳƛƴƎ ƛƴǘǊƻŘǳŎǘƛƻƴέ ό²ŀǊƴƛŜǊ aŜǘƘƻŘ ƛƴ ŀ ŦǊŜŜǿŀǊŜ ǾŜǊǎƛƻƴύΣ ƛǎ 

perfectly adapted to solving mathematical problems through numerical methods. This 

section includes the first chapters and it gives the basis to understand perfectly 

(starting from scratch) the programming of complex problems. Furthermore, it 

includes the basic algorithms, which are often used in Finite Element Method 

programming. Obviously, this could be totally or partially ignored by those students 

who already have a good knowledge of programming. 
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The second section constitutes the actual introduction to FEM programming, which is 

performed for the two dimensional linear elasticity cases using the simplest finite 

element (three node triangles). This section includes two chapters, the first one 

addresses the two dimensional elasticity case including a simple graphic processor, 

which allows the user to see the model and the calculation results; the second one 

contains a brief introduction to storage improvements. 

The third section addresses error estimation in FEM. It includes a simple application 

example as well as its programming. Finally, the fourth section presents an 

introduction to parallel computation using finite elements. 

 

INDEX 

I. Structures 

1.1. - Basic Rules 

1.2. - Programming Methods 

1.3. - Sequential Structure 

1.4.-Repetitive Structure 

1.5. - Exercises Resolved  

  1.5.1. - Exercise 1 

  1.5.2. - Exercise 2 

  1.5.3. - Exercise 3 

  1.5.4. - Exercise 4 

  1.5.5. - Exercise 5 

1.6. - Alternative Structure 

1.7. - Exercises Resolved 

  1.7.1. - Exercise 1 
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  1.7.2. - Exercise 2 

1.8. - Mix of Repetitive Structures with Alternative Structures (More 

Complex Programs) 

1.9. - Decrease of the Storage Memory Needs 

 

II. Elementary Algorithmic 

2.1. - Introduction 

2.2. - Sorting Algorithm 

2.3. - Search  Algorithm 

2.4. - Insertion Algorithm 

2.5. - Coupled Algorithm (Search + Insertion) 

2.6. Elimination Algorithm 

2.7. -  Merging Algorithm 

 

III. Numeric Algorithmic (I). Interpolation 

3.1. - Linear Interpolation 

3.2. - One Dimension Lagrange Interpolation   

3.3. - Two Dimension Lagrange Interpolation 

 

IV. Numeric Algorithmic (II). Resolution of Linear Equation Systems  

4.1. - Introduction: Gauss Method 

4.2. - Improvements to Gauss Method 

  4.2.1. - PARTIAL PIVOTING METHOD 

  4.2.2. - TOTAL PIVOTING METHOD 

4.3. - Cholesky Method 

 

V. Memory Improvement Algorithms 

5.1. - Two Matrices Product 

5.2. - Optimal Storage of a Symmetric Matrix 

5.3. - Exercises Resolved 

5.4. - Optimal Storage of a Symmetric and a Band Matrix 
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VI. Introduction To Finite Element Method Programming 

6.1. - Introduction 

6.2. - Finite Element Method Discussed Program 

  6.2.1. - First Section Programming: Displacements Calculation 

  6.2.2. - Second Section Programming: Stresses Calculation 

  6.2.3. - Third Section Programming: Displacement Calculation 

6.3. - Graphic Processor Programming 

  6.3.1. - {ǳōǊƻǳǘƛƴŜ ά5Ǌŀǿέ  

  6.3.2. - {ǳōǊƻǳǘƛƴŜ άbǳƳōŜǊέ  

  6.3.3. - {ǳōǊƻǳǘƛƴŜ ά½ƻƻƳέ  

  6.3.4. - {ǳōǊƻǳǘƛƴŜ ά5ŜŦƻǊƳŜŘέ  

  6.3.5. - Graphic Processor Functioning 

  6.3.6. - Visual Basic Special Commands which have been used in 

the Graphic Processor 

  6.3.7. - Application Example 

 

VII. Storage Improvements 

7.1. - Introduction 

7.2. - Storage Space Improvement 

7.3. - Improved Procedure 

 

VIII. Introduction to Error Estimation in F.E.M. 

8.1. - Error Measuring and Estimation 

  8.1.1. - A Priori Error Calculation 

  8.1.2. - A Posteriori Error Estimation 

  8.1.3. - A Posteriori Estimator Type 

8.2. - A Posteriori Error Estimation in 2D Elasticity Problems  

  8.2.1. - Obtaining of a Recovered Solution 

  8.2.2. - Error Estimation in the Energy Norm. Z2Estimator  

8.3. - Z2 [11] Estimator Theorem   

8.4. - Example 1 

  8.4.1. - Shape Function for the 3 Nodes Triangular Finite Element 
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  8.4.2. - F.E.M. Process until the Stresses Calculation 

  8.4.3. - Error Estimation 

  8.4.4. - Deformation Energy Matrix Norm  

8.5. ς Computer Program Commented 

8.6. - Example 2 

8.7. - Conclusions 

8.8. - Full Computer Program 

8.9. - Chapter 8 references 

IX. A Brief Introduction to Parallel Computation in the Finite Element Method 

9.1. - Introduction 

9.2. - Parallel Computation in the finite element method 

 9.2.1. - Graph and Laplacian matrix 

 9.2.2. - Eigenvalues and eigenvectors 

 9.2.3. - Spectral bisection method 

 9.2.4. - Application to a simple finite element model in 2D 

 9.2.5. - Finite elements in 3D 

 9.2.6. - Example in 3D 

 

X. Bibliography 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

  Course Learning Units  

4. - BIBLIOGRAPHICAL REFERENCES 

ALARCÓN, A., ALVAREZ, R., GÓMEZ-LERA, S. Cálculo Matricial de Estructuras. 

Barcelona, Spain: Ed. Reverté, S.A., 1986.  ISBN: 84-291-4801-9. 

BROWN, D.K. An Introduction to Finite Element Method Using BASIC Programs. Second 

edition. London, UK: Ed. Spon Press, 1998. ISBN-10: 0412005719/ ISBN-13: 

9780412005718. 

CEBALLOS, F.J. Visual Basic. Curso de Programación. Second edition. Madrid, Spain: Ed. 

Ra-Ma, 1999. ISBN: 9788478973576. 
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MICHAVILA, F & GAVETE, L. Programación y Cálculo Numérico. Barcelona, Spain: Ed. 

Reverté, 1985. ISBN: 9788429126778. 

OÑATE, E. Cálculo de Estructuras por el Método de Elementos Finitos. Análisis Estático 

Lineal.  Spain: Ed. CIMNE, 1995. ISBN: 9788487867002. 

ZIENKIEWICZ, O.C., TAYLOR, R.L. The Finite Element Method: Its Basis and 

Fundamentals. Sixth edition. Oxford, UK: Ed. Elsevier Butterworth-Heinemann, 

2005. ISBN-10: 0750663219/ ISBN-13: 9780750663212. 

Spanish version: ZIENKIEWICZ, O.C., TAYLOR, R.L. El Método de los Elementos Finitos. 

Formulación Básica y Problemas Lineales. Fourth edition. Barcelona, Spain: Ed. 

CIMNE - Mc. Graw-Hill, 1994. ISBN: 9788495999528. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

In the distance learning exercises, the exercises and problems given must be directly 

resolved and delivered on time. 

6. - SPECIFIC RECOMMENDATIONS 

It is advisable that the problems included in the distance learning exercises are 

resolved as the student moves forwards in the study of the learning units for 

sequentially clarifying, as soon as possible, any doubts that may arise.   

7. - TUTORSHIPS 

Students can contact the tutor using the sǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Professor Luis Gavete Corvinos 

By E-mail: lu.gavete@upm.es 

Another way is to contact by telephone: 

Tuesdays, from 11:30 am to 2:30 pm (UTC/GMT+1)- 

Wednesdays, from 12:00 am to 2:30 pm (UTC/GMT+1)- 

Telephone: (+34) 91-336-64-66 

 

mailto:lu.gavete@upm.es
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Dpto. Matemática Aplicada a los Recursos Naturales 

E.T.S. INGENIEROS DE MINAS 

U.P.M 

C/ Ríos Rosas, 21 

28003 Madrid, España. 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES  

The student will upload the continuous assessment exercises in the virtual classroom. 
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MB.3. - NUMERICAL CALCULATION 

TEACHING STAFF 

Luis Gavete Corvinos 

1. - OBJECTIVES  

The purpose of this text is to introduce basic numerical calculation techniques 

employed in the FEM to the student and to serve as the first contact base with the 

numerical methods. 

Thus, all the mathematical concepts have been simplified as much as possible and a 

series of examples has been provided in order to facilitate the studentǎΩ work. As it is a 

άŘƛǎǘŀƴŎŜ ƭŜŀǊƴƛƴƎέ ŎƻǳǊǎŜΣ ƛǘ ƛǎ ƴŜŎŜǎǎŀǊȅ for the text to be accompanied by the 

required self-taught manual.  

Furthermore, the numerical 

techniques needed in order to do 

static and dynamic analyses by 

finite elements in linear and 

nonlinear cases have been 

covered.  

2. - CONTENT 

The text has been structured with two simple introductory chapters containing basic 

introductory concepts about matrices and numerical calculation followed by a second 

part about numerical calculation. 

This second part has a chapter on interpolation (focused on Lagrange Interpolation) 

ǿƛǘƘ ǎƻƳŜ άǎǇƭƛƴŜέ ŦǳƴŎǘƛƻƴ ŎƻƴŎŜǇǘǎΦ Then numerical integration is covered, focusing 

on Gauss integration. 

Three chapters are dedicated to the basic concepts of numerical algebra: a) equation 

systems; b) nonlinear equation systems; c) eigenvalues and eigenvectors. The intention 

is to cover the most common algorithm areas in finite element programs. 
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There is also a chapter based on the resolution of second order differential equation 

systems, which originate from the dynamic analyses, and there is another chapter that 

contains an introduction to the equations in partial derivatives and methods of 

resolving them. 

INDEX 

II. Matrices and Matrix Norms 

1.1. - Basic Definitions 

1.2. - Vector and Matrix Norms 

 

III. Numerical Calculation Introduction 

2.1. - Introduction 

2.2. - A Numerical Calculation Algorithm 

2.3. - Summary 

2.4. - Criteria in the Election of Algorithm 

 

IV. Interpolation 

3.1. - The Interpolation Problem 

3.2. - Other Interpolation Problems 

 3.2.1. - ¢ŀȅƭƻǊΩǎ LƴǘŜǊǇƻƭŀǘƛƻƴ tǊƻōƭŜƳ 

 3.2.2. - IŜǊƳƛǘŜΩǎ LƴǘŜǊǇƻƭŀǘƛƻƴ tǊƻōƭŜƳ 

3.3. - The General Problem of Interpolation 

3.4. - Construction of the Interpolation Polynomial: Lagrange Formula 

3.5. - bŜǿǘƻƴΩǎ LƴǘŜǊǇƻƭŀǘƛƻƴ CƻǊƳǳƭŀ 

3.6. - Study of the Interpolation Error 

3.7. - Piecewise Polynomial Interpolation 

3.8. - Splice Cubic Interpolation (A.S.C) 

3.9. - Approximated Calculation of Derivatives 

3.10. - wƛŎƘŀǊŘǎƻƴΩǎ 9ȄǘǊŀǇƻƭŀǘƛƻƴ 

 

V. Numerical Integration 

4.1. - Introduction 
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4.2. - Investigation Methods with a Variable 

 4.2.1. - General Approach. Formulas of Interpolation Type 

 4.2.2. - Newton-Cotes Formulas 

 4.2.3. - Gaussian Quadrature Formulas 

4.3. - Multiple Integrals 

4.4. - Numerical Integration in Triangular or Tetrahedral Regions 

4.5. - Needed Numerical Integration Order 

 

VI. Linear Equation Systems 

5.1. - Introduction 

5.2. - Direct Methods: Gauss Method 

5.3. - Special Matrix Types 

5.4.-Direct Matrix Factorization 

5.5. - Iterative Methods 

5.6. - Ill-Conditioned Systems of Equations 

 5.6.1. - Data Entry Errors 

 5.6.2. - Rounding Errors 

 5.6.3. - Conditioning of Non-singular Matrices 

 5.6.4. ς Matrix Norm 

 5.6.5. - Most Used Matrix Norms 

 5.6.6. - Property 

 5.6.7. - Error Calculation 

5.7. - Application to the Optimization Techniques to the Linear Equation 

 Systems Resolution 

 5.7.1. - Introduction 

 5.7.2. - Methods for the Resolution of Symmetric Systems Defined 

Positives 

  5.7.2.1. - Gradient Method (Or the Maximum Decrease) 

  5.7.2.2. - Conjugated Gradient Method 

  5.7.2.3. - Pre-conditioning Conjugate Gradient Method 
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VII. Non-linear Equation Systems 

6.1. - Introduction 

6.2. - Newton-Raphson Method to Resolve a Non-linear Equation 

6.3. - Newton-Raphson Method for Systems (Non-linear) 

6.4. - Newton-Raphson Method Applied to the Equations System Originated by 

the Finite Element Method 

 6.4.1. - Newton-Raphson Method with Initial Stiffness 

 6.4.2. - Convergence Control (of the Program) 

 

VIII. Eigenvalues and Eigenvectors 

7.1. - Introduction  

7.2. - Generalities 

7.3. - Eigenvalues and Eigenvectors 

7.4. - Determination Methods of the Characteristic Polynomial 

7.5. - Transformation Methods 

7.6. - Iterative Methods 

7.7. - Methods of Values Calculation and Characteristic Vectors in Finite 

Elements 

 

IX. Differential Equations and Systems 

8.1. - Introduction 

8.2. - Modal Superposition Method 

8.3. - Direct Integration Methods 

 8.3.1. - bŜǿƳŀǊƪΩǎ 5ƛǊŜŎǘ LƴǘŜƎǊŀǘƛƻƴ aŜǘƘƻŘ 

 

X. Equations in Partial Derivatives 

9.1. - Partial Derivative 

9.2. - Mathematical Formulations and Solution of Physical Problems  

9.3. - Foundations 

9.4. - Some Typical Problems 

9.5. - Functionals and Operators 

9.6. - Numerical Methods for the Resolution of Equations in Partial Derivatives 
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9.7. - Application Example 

 9.7.1. - Variational Method 

 9.7.2. - Collocation Method 

 9.7.3. - Subdomain Method 

 9.7.4. - Galerkin Method 

 9.7.5. - Least Square Method 

9.8. - Finite Element Method 

9.9. - Brief Development of F.E.M. History  

 

XI. Bibliography 

 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

  Course Learning Units  

4. - BIBLIOGRAPHICAL REFERENCES 

Software: manuals 

BATHE, K.J. & WILSON, E. Numerical Methods in Finite Element Analysis. Ed. Prentice 

Hall, 1976. ISBN-10: 0136271901 / ISBN-13: 978-013627901. 

BATHE, K.J. Finite Element Procedures in Engineering Analysis. New Jersey, USA: Ed. 

Prentice-Hall, Inc., 2007. ISBN-10: 097900490X / ISBN-13: 978-0979004902. 

BURDEN, R. L. & DOUGLAS FAIRES, J. Numerical Analysis. 9th edition. Boston, USA: Ed. 

Brooks/Cole Cengage Learning, 1985. ISBN-10: 0-538-7335-9 / ISBN-13: 978- 0-

538-7335-9. 

Spanish version: BURDEN, R. L. & DOUGLAS FAIRES, J. Análisis Numérico. México: Ed. 

Grupo Editorial Iberoamérica, 1985. ISBN: 9789706861344. 

CONDE, C. & WINTER, G. Métodos y Algoritmos Básicos de Álgebra Numérica.  Seville, 

Spain: Ed. Reverté, 1990. ISBN: 9788429150360. 

DAHLQUIST, G. & BJÖRCK, A. Numerical Methods. Mineola, New York: Ed. Dover 

Publications, 2003. ISBN: 9780486428079. 
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GASCA, M. Cálculo Numérico I. Ed. Universidad Nacional de Educación a Distancia, 

1990. 

LIPSCHUTZ, S. Álgebra Lineal. 2nd edition. Mexico: Ed. McGraw Hill, 1992. ISBN: 

9788476157589. 

LIPSCHUTZ, S. Linear Algebra. Ed. McGraw Hill, 2000. ISBN: 9780071362009. 

LUTHER; OLIVEIRA, A. & SCHUTZ, F.J. Métodos Numéricos. México: Ed. Limusa, 1978.  

MICHAVILA, F. & GAVETE, L. Programación y Cálculo Numérico. Barcelona, Spain: Ed. 

Reverté, 1985. ISBN: 9788429126778. 

SEGERLIND, L.J. Applied Finite Element Analysis. 2nd edition. New York, USA: Ed. John 

Wiley, 1985. ISBN-10: 0471806625 / ISBN-13: 978-0471806622. 

STOER, J. & BULIRSCH, R. Introduction to Numerical Analysis. 3rd edition. New York, 

USA: Ed. Springer Verlag, 2010. ISBN-10: 038795452X / ISBN-13: 978-

0387954523. 

TURNER, P. Numerical Analysis. Lancaster, UK: Ed.  Macmillan Press Ltd, 1994.   

5. - CONTINUOUS ASSESSMENT EXERCISES 

In the distance learning exercises, the exercises and problems given must be directly 

resolved and delivered on time. 

6. - SPECIFIC RECOMMENDATIONS 

It is advisable that the problems included in the distance learning exercises are 

resolved as the student moves forwards in the study of the learning units for 

sequentially clarifying, as soon as possible, any doubts that may arise.   

7. - TUTORSHIPS 

Students can contact the ǘǳǘƻǊ ǳǎƛƴƎ ¦b95Ωǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Professor Luis Gavete Corvinos 

E-mail: lu.gavete@upm.es 

Another way is to contact by telephone: 

mailto:lu.gavete@upm.es
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 Tuesdays, from 11:30 am to 2:30 pm (UTC/GMT+1)- 

 Wednesdays, from 12:00 am to 2:30 pm (UTC/GMT+1)- 

 Telephone: (+34) 91-336-64-66 

Dpto. Matemática Aplicada a los Recursos Naturales 

E.T.S. INGENIEROS DE MINAS 

U.P.M 

C/ Ríos Rosas, 21 

28003 Madrid, Spain. 

 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 
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MB.4. - MATERIAL CONSTITUTIVE LAWS 

TEACHING STAFF 

Alberto Fraile de Lerma 

1. - OBJECTIVES 

The main objective of the subject course is to represent nonlinear behaviour of 

materials through mathematical models. 

The mechanical behaviour of engineering 

materials such as metals, polymers, 

concrete, rocks, wood, etc., is similar even 

though their physical structures are 

different.  They all sustain deformations 

at different levels: reversible or 

irreversible, they are damaged and they fracture. This is the main reason why it is 

possible to explain material behaviour using Continuum Mechanics. 

Formulation of constitutive relationships follows two steps: experimental testing and 

mathematically representing the phenomena observed. The stress states obtained 

with experimental testing are homogeneous and basic, but mathematically we can 

extrapolate them to predict the behaviour of any stress system. Therefore, the 

mathematical theories based on experimental observations are, by nature, 

phenomenological and represent the macroscopic behaviour of the matter. 

Following the first general considerations chapters, the course is focused in Rheology. 

The term Rheology means that with sufficient observation time, even the most 

apparently solid materials will show flow-type behaviour. The approach will be purely 

mechanical introducing the basic concepts with one-dimensional simple mechanical 

models. These models will be generalized to three-dimensional cases since they are 

the general methods for solving realistic practical problems. In particular, the use of 

Prony series to characterize the rheological behaviour will be studied since it is the 

method used by the computer program associated with this Course. 
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Plasticity will be introduced in the next section. The mechanical behaviour of materials 

working in the plastic regime will be mathematically described. Its formulation is very 

useful to model the behaviour of ductile materials, such as steel, where the strain is 

mainly plastic but it is also used for other materials such as concrete, soils and rocks. 

As in the previous chapter, the one-dimensional models will be studied first and 

generalized to three dimensions later. Some important concepts as yield surface, 

loading criterion, flow rule or hardening will be discussed. 

Finally, the last section studies Continuum Damage Mechanics. Continuum Damage 

Mechanics describes the evolution of any material from an initial undamaged state 

until a macroscopic crack starts to appear. It is, therefore, a state before macroscopic 

cracking which is studied in "fracture mechanics" and is out of the scope of the present 

course. 

2. - CONTENT 

INDEX 

I. Foreword 

Appendix 1. - A brief reminder on useful notation 

Appendix 2. - Basic ideas on stress concept 

Stress vector 

Volume equilibrium equations 

Volume equilibrium equations in axisymmetric problems without body 

forces 

Boundary equilibrium equation 

Principal directions 

Appendix 3. - Strains. The linear theory 

Strain vector 

Axisymmetric displacements 

Appendix 4. - Constitutive equations for linear isotropic and homogeneous 

bodies 

Appendix 5. - The virtual work equation 

Self-evaluation exercises 

References 

 

II. General Considerations 

1.1 The tensile test 

1.1.1 Perfect elastoplastic rank 
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1.1.2 Plasticity conditions. True strains 

1.1.3 Damage rank 

1.1.4 Stress-state throughout the neck 

1.1.5 Selection of stress and strain definitions 

1.2 Idealization of the time independent macroscopic behaviour 

1.3 Types of tests to characterize material behaviour 

1.4 Stress relaxation and strain creep 

Self-evaluation exercises 

Summary of main ideas 

References 

Appendix  

1. Stress invariants 

2. Strain invariants 

3. Haig-Westergaard space 

Self-evaluation exercises 

 

III. Rheological Equations. Mechanical Models 

2.1 The basic models 

2.2 State equation 

2.3 Elastic solid 

2.3.1 Three-dimensional generalization 

2.4 Viscous body 

2.4.1 Three-dimensional generalization 

2.5 Rigid perfectly plastic Saint Venant solid 

2.5.1 Three-dimensional generalization 

2.6 Combined models 

2.6.1 Viscoelastic bodies 

2.6.1.1 Maxwell body 

2.6.1.2 Kelvin- Voigt model 

2.6.1.3 Combination of multiple elements 

2.6.1.4 Generalized viscous models 

2.6.2 Bodies including plastic behaviour 

2.6.2.1 Elastic perfectly plastic solid 

2.6.2.2 Perfectly viscoplastic solid 

2.6.2.3 Other constitutive models 

Self-evaluation exercises 

Summary of main ideas 

References 

Appendix 

1. Special functions. Delta, Heaviside and doublet sequences 

2. Laplace transformation 
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3. Differential operator concept 

Self-evaluation exercises 

 

IV. Analysis with Linear Rheological Models. Finite Element Method 

3.1 Linear representation of viscoelasticity 

3.1.1 Using operators resulting from differential equations 

3.1.2 Hereditary approach 

3.1.2.1 Representation using state variables (Prony series) 

3.1.3 (*) Viscoelastic definitions in the frequency domain. Harmonic 

testing 

3.1.3.1 Hooke Body 

3.1.3.2 Newton Body 

3.1.3.3 Maxwell Body 

3.1.3.4 Kelvin-Voigt Body 

3.1.3.5 Laboratory testing in the frequency domain 

3.2 Three dimensional generalization of viscoelasticity 

3.2.1 General equations of stress analysis 

3.2.1.1 (*) Harmonic loading 

3.2.1.2 Other methods. Correspondence Principle 

3.3 Use of Prony series with 3D Finite Elements 

3.3.1 Matrix structural analysis with viscoelastic elements 

3.3.2 General Finite elements with Prony series 

Self-evaluation exercises 

Summary of main ideas 

References 

Appendix (*) 

1. The wave equation in rods 

Axial wave propagation 

The wave equation in a shear beam 

2. Harmonic plane waves in an unbounded medium 

(*) These sections are only included for informative purposes, they will not be included in 

the evaluation exams 

 

V. Plasticity 

4.1 Uniaxial behaviour 

4.1.1 Yield stress 

4.1.2 Yield Hardening 

4.1.3 Loading and unloading criteria 

4.1.4 Idealized constitutive equations 

4.1.4.1 Elastic-perfectly plastic solid 

4.1.4.2 Plastic solid with hardening 
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4.1.5 Hardening rule 

4.2 Plasticity theory. General formulation 

4.2.1 Yield surface 

4.2.1.1 Von Mises yield surface 

4.2.1.2 ¢ǊŜǎŎŀΩs yield surface 

4.2.2 Loading criterion 

4.2.3 Flow rule 

4.2.4 Hardening 

4.2.4.1 Isotropic hardening 

4.2.4.2 Kinematic hardening 

4.2.4.3 Mixed hardening 

4.2.4.4 Experimental determination of the hardening parameters 

4.3 Plasticity: Analysis with the finite element method 

4.3.1 Newton-Raphson method 

4.3.2 Non-linear finite element method: Algorithm 

4.3.3 Evaluation of the residual vector: Integration of the elastoplastic 

constitutive equations 

4.3.3.1 Generalized trapezoidal rule 

4.3.4 Evaluation of the tangent operator. Consistent tangent modulus 

Self-evaluation exercises 

Summary of main ideas 

References 

 

VI. Continuum Damage Mechanics 

5.1 Mechanical representation of damage 

5.1.1 Damage variable 

5.1.2 Effective stress concept 

5.1.3 Strain equivalence principle 

5.1.4 Damage and the tensile test 

5.1.5 Strain energy density release rate Y 

5.1.6 Damage evolution law 

5.2 Three dimensional generalization 

5.2.1 Elastic behaviour with damage. Equivalent stress criterion 

5.2.2 Plasticity and ductile damage 

5.2.3 Pure brittle damage 

5.3 Coupling plasticity ς damage 

5.3.1 Onset of fracture 

5.4 Damage mechanics: numerical analysis of fracture prediction in 

structures 

5.4.1 Uncoupled analysis 

5.4.2 Locally coupled analysis 
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5.4.3 Fully coupled analysis 

5.5 Recent trends 

Self-evaluation exercises 

Summary of main ideas 

References 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

  Course Learning Units  

4. - BIBLIOGRAPHICAL REFERENCES 

LEMAÎTRE, J. & CHABOCHE, J.L. Mecanique des Materiaux Solides. Ed. Dunod, 1988. 

ISBN: 9782100013975. 

LUBLINER, J. Plasticity Theory. New York, USA: Ed. Dover Publications, 2008. ISBN: 

9780023721618.   

MAUGIN, G.A. The Thermodynamics of Plasticity and Fracture. New York, USA: Ed. 

Cambridge University Press, 1992. ISBN: 9780521397803. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

For the distance learning exercises, the exercises and problems given must be solved 

and sent on time. 

6. - SPECIFIC RECOMMENDATIONS 

It is advisable that the distance learning problems/exercises are solved after the 

student finishes studying a chapter since the later chapters/sections are based on 

material explained at the beginning. If there are any questions, students can contact 

the Professor.  

7. ς HELP WITH THE MATERIAL (OFFICE HOURS) 

{ǘǳŘŜƴǘǎ Ŏŀƴ ŎƻƴǘŀŎǘ ǘƘŜ ǘǳǘƻǊ ǳǎƛƴƎ ¦b95Ωǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳ ōȅ ŜƳŀƛƭ ŀƴŘ ǇƘƻƴŜ όǎŜŜ 

below). 

Associate Professor Alberto Fraile de Lerma: alberto.fraile@upm.es  

Mondays, from 4:30 pm to 8:30 pm (UTC/GMT+1). 

Phones:  (+34) 91-336-53-40   

 (+34) 91-336-30-21 

 

mailto:alberto.fraile@upm.es


)ÎÔÅÒÎÁÔÉÏÎÁÌ -ÁÓÔÅÒȭÓ ÉÎ 4ÈÅÏÒÅÔÉÃÁÌ ÁÎÄ 0ÒÁÃÔÉÃÁÌ !ÐÐÌÉÃÁÔÉÏÎ 
of Finite Element Method and CAE Simulation  

 

30 
 

Dpto. Ingeniería Mecánica (Mechanical Engineering Department)  

E.T.S. INGENIEROS INDUSTRIALES. U.P.M. 

C/ José Gutiérrez Abascal, 2. 28006 Madrid, Spain 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  



)ÎÔÅÒÎÁÔÉÏÎÁÌ -ÁÓÔÅÒȭÓ ÉÎ 4ÈÅÏÒÅÔÉÃÁÌ ÁÎÄ 0ÒÁÃÔÉÃÁÌ !ÐÐÌÉÃÁÔÉÏÎ 
of Finite Element Method and CAE Simulation  

 

31 
 

MB.5. - INTRO TO THE USE OF PRACTICAL SOFTWARE.  

TEACHING STAFF 

Ronald Siat MSc Civil Eng.  

Luis Valdivia MSc Civil Eng. 

1. - OBJECTIVES 

The finite element method is only feasible using a computer and appropriate software; 

therefore, it is necessary to supplement theoretical training in the method with the 

use of specific software. To that end, CivilFEM has been chosen since it is specially 

designed for civil engineering, in addition it has an educational license for students, 

suitable for this kind of course, and it is also a standard software in FE programs, which 

allows the knowledge taught in the course to be put into practice. 

The aim of this subject, as its name indicates, is to introduce the student to the use of 

an analysis program based on Finite Elements and so that the student can feel 

sufficiently at ease from the beginning 

to acquire knowledge continuously 

during the course in the rest of the 

subjects of Theory and Practice. 

Students will use CivilFEM Powered 

by Marc as application and practical 

software.  

 

2. - CONTENT 

This subject is eminently practical and both its content and its structuring are focused 

on the student becoming familiar with the use of the program from the beginning of 

the course since it will be useful throughout, and will be the means of materializing 

and applying the knowledge acquired with the different subjects. 
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The subject has been structured into various chapters in such a way that each one 

covers a theme delimited from a conceptual point of view. Before this, there is a brief 

introduction to the finite element method. 

Index of CivilFEM Powered by Marc contents: 

1. Overview. 

2. Brief Introduction of the Finite Element Method. 

- Steps of FE analysis. 

- Modeling guidelines. 

- Analysis flowchart. 

3. CivilFEM Graphical User Interface.  

- Getting started. 

- GUI: windows. 

- Layout controls. 

4. Environment: Setup Data. 

- Coordinate systems. 

- Codes & Standards. 

- Units. 

- Configuration. 

- Report wizard. 

5. Geometric Modeling. 

- Topological structures. 

- Referenced geometry. 

- Graphical picking. 

- Points, curves, surfaces, volumes. 

- Operations. 

- Import geometry. 

 

6. Viewing & Display. 

- Mouse controls. 

- Selection of entities. 
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- Zoom. 

- Capture, Grid, Color, Name. 

7. Materials & Sections. 

- Material library: Concrete, Steel, Soil, Rock & Generic. 

- Analysis & design diagrams. 

- Constitutive laws. 

- Cross sections: library, by dimensions, by plates, cable, generic. 

- Types of reinforcement: bending, shear and torsion. 

- Code properties. 

8. Meshing. 

- Structural element. 

- Beam finite elements. 

- Truss finite elements. 

- Shell finite elements. 

- Solid (2D, 3D) finite elements. 

- Congruent mesh. 

- Merge nodes. 

- Code properties. 

 

9. Loading. 

- Load groups and simple loads. 

- Acceleration loads. 

- Boundary conditions. 

- Load cases. 

10. Solution. 

- Linear Analysis. 

- Solvers. 

- Solution controls. 

- Obtain solution. 

11. Postprocess Results. 

- Result files. 

- Nodal results. 
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- End results. 

- Element results. 

- View options. 

- Envelopes. 

- User combination tool. 

- Synthetic results. 

12. Utilities. 

- Offsets. 

- Hinges. 

- Masses. 

- Deform/Undeform. 

- Import CivilFEM entities. 

- Contact pairs. 

- Insertion. 

- Numerical expressions. 

- Python scripts. 

The following workshops are included:  

a. Dam. 

b. Rod Head. 

c. Meshing examples. 
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Index of CivilFEM Powered by Marc practices: 

1. Beam Analysis. 

2. Cantilever Plate. 

3. Bridge Truss. 

4. Circular Concrete Slab. 

5. Plane Truss. 

6. Warehouse. 

7. Dam Analysis. 

8. Linear Buckling of a Column 

9. Analysis of a Frame. 

10. Linear springs. 

11. Composite Bridge. 

12. Pile Cap Foundation. 

13. Silo. 

14. Tunnel Cut & Cover. 

15. Steel Structure (pyramid shape). 

16. Cantilever rooftop. 

A Course Order Index document has been created to help students follow a proper 

study order combining the different parts with their documentation (Lectures, 

Workshops and Assessment Exercises). 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

The teaching material for this subject is composed of CivilFEM software and the Basic 

Text prepared for this subject. 

4. - BIBLIOGRAPHICAL REFERENCES 

 Complementary documentation is provided in the software interactive help section: 

- CivilFEM Theory Manual. 

- CivilFEM Python Manual. 

- CivilFEM Interpreter Documentation. 

As well as the documentation that is online in the virtual classroom. 
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5. - CONTINUOUS ASSESSMENT EXERCISES 

The student must follow the proposed exercises in order to do a self-evaluation. These 

exercises will be also useful for the student evaluation and qualification.  

Students must provide a brief report including a description of the decisions taken in 

the analysis. The report should contain the most representative graphical plots or 

screenshots of each step and result. 

6. - SPECIFIC RECOMMENDATIONS 

It is recommended to take advantage of the full capabilities of the software.  

Scripting language is available in the software, it will help the user to automate 

common tasks and carry out the analysis in terms of variables, macros, if-else 

statements, loops and more features that are advanced. 

7. - TUTORSHIPS 

Students can contact tutors using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Mr. Ronald Siat r.siat@invi.uned.es 

Mr. Luis Valdivia l.valdivia@ingeciber.com  

Another way is to contact by telephone: 

Thursdays, from 10:00 AM to 2:00 PM 

 Telephone: (+34) 91-386-22-22 (UTC/GMT+1). 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  

mailto:r.siat@invi.uned.es
mailto:l.valdivia@ingeciber.com
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MODULE A ɀ DYNAMIC ANALYSIS 

A.1. - FEM THEORY APPLIED TO STRUCTURE DYNAMIC ANALYSIS 

TEACHING STAFF                                                         

Marcos Latorre Ferrús PhD Aeronautical Eng. 

1. - OBJECTIVES 

The initial objectives are to analyze the problems 

that are presented when a structure calculation is 

going to be made with a commercial Finite Element 

program and to provide some criteria to resolve these, and to focus later on some 

specific structural types such as plates and sheets. 

Finally, it is also intended to provide the essential concepts and to identify the 

fundamental parameters that characterize the dynamic behaviour of structural 

systems. 

2. - CONTENT 

In the first chapter, we intend to present an overview of the problems and different 

decisions that a structural designer must take when performing a structural analysis. 

The second chapter deals with plate and sheet theories. In addition, the plate theory is 

established for thin plate cases from the Kirchhoff hypothesis and for thick plates from 

the Mindlin-Reisner hypothesis. In both cases, the study addresses the case of linear 

elasticity for homogeneous, isotropic, perpendicular charged to its mid-surface plates 

of constant thickness. 

Both linear theory and the membrane theory are developed for the constant thickness 

of thin sheets, and for the linear case, making the assumption of supposing 

homogeneous and isotropic material. 

In the last chapters, the structural dynamic analysis is addressed. Thus, after a brief 

introduction and a review of the essential concepts, the treatment of the systems is 

studied with a degree of freedom in order to continue, after the mass and consistent 

damping matrix have been introduced, with the study of structural systems whose 
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dynamic response can be characterized through a number of finite degrees of 

freedom.  

INDEX 

I. Fundamentals of dynamics of structures  

1. Single-Degree-of-Freedom Systems 

1.1. - Introduction 

1.2. - Free undamped vibrations 

1.2.1. - Equation of motion 

1.2.2. - Harmonic motion: more formal approach solution 

1.3. - Free damped vibrations 

1.3.1. - Underdamped motion 

1.3.2. - Overdamped motion 

1.3.3. - Critically damped motion 

1.4. - Response to harmonic excitation 

1.4.1. - Undamped system 

1.4.2. - Damped system 

1.4.3. - Dynamic response factor 

1.4.4  Frequency response function method 

1.4.5. - Laplace transform based analysis 

1.5. - General forced response 

1.5.1. - Impulse response function 

1.5.2. - Response to an arbitrary excitation 

II. Multi-Degree-of-Freedom Systems 

 2.1. - Introduction 

2.1.1. - Two-Degree-of-Freedom system 

2.1.2. - Mathematical modeling of damping 

2.1.3. - Solutions of the equation of motion 

 2.2. - Free undamped vibrations of MDOF systems 

 2.2.1. - Natural frequencies and mode shapes 

 2.2.2. - Orthogonality of mode shapes 

 2.2.3. - Modal matrices   

 2.2.4. - Normalization of modes    

 2.2.5. - Response of undamped MDOF systems 

2.3- Free damped vibrations of MDOF systems 

 2.4. - Response of MDOF systems under arbitrary loads 

 2.5. - Response of MDOF systems under harmonic loads 

 2.6. - Systems with distributed mass and stiffness 

2.6.1. - Vibration of beams   

2.6.2. - Vibration of plates   

 

III. Introduction to signal analysis 

 3.1.-Introduction to signal types 

3.1.1  Deterministic signals 
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3.1.2  Random signals 

3.2. - Fourier analysis of signal 

3.2.1. - The Fourier series 

3.2.2. - The Fourier integral transform 

3.2.3. - Digital signals 

 

II. Finite element procedures for the dynamic analysis of structures 

IV. Finite element discretization of continuous systems. Stiffness and Mass matrices 

4.1. - Stiffness matrix 

4.1.1  Beam elements 

4.1.2  Continuum elements 

4.2. - Mass matrices 

4.2.1  Consistent mass matrix 

4.2.2  Lumped mass matrix 

V. Computational procedures for eigenvalue and eigenvector analysis. 

5.1. - The modal decomposition revisited.  Mode superposition analysis 

5.2. - Other eigenvalue and eigenvector problems  

5.3. - Computation of modes and frequencies 

5.4. - Reduction of the general eigenvalue problem to the standard Eigen value problem. 

5.5. - Static condensation. 

5.6. - Model order reduction techniques:  the Guyan reduction 

5.7. - Inclusion of damping matrices 

5.8. - Complex eigenvalue problem:  complex modes 

VI. Computational algorithms for eigenvalue and eigenvector extraction 

6.1. - Some previous concepts 

6.1.1. - Matrix deflation 

6.1.2. - Rayleigh quotient 

6.1.3. - Courant minimax characterization of eigenvalues and Sturm sequence  

6.1.4. - Shifting 

6.1.5. - Krylov subspaces and Power 

6.2. - Determinant search method   

6.3. - Inverse iteration method 

6.4. - Forward iteration method 

6.5. - Jacobi method for the standard eigenvalue   

6.6. - The QR decomposition and algorithm 

6.7. - Jacobi method for the generalized eigenvalue 

6.8. - .ŀǘƘŜΩǎ subspace iteration method and Ritz 

6.9. - Lanczos method 

VII. Transient analyses in linear elastodynamics 

 7.1.-Introduction 

7.2. - Structural dynamics and wave propagation analyses.   The Courant condition 

7.3. - Linear multistep methods.  Explicit and implicit algorithms.  Dahlquist theorem 

7.4. - Explicit algorithms: central difference method 

7.5. - Implicit algorithms 
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7.5.1  Houbolt method 

7.5.2  Newmark-ʲ ƳŜǘƘƻŘ 

7.5.3  Collocation Wilson-ʻ ƳŜǘƘƻŘǎ 

7.5.4  Hilbert-Hughes-Taylor (HHTύ ʰҍmethod 

7.5.5  Bathe-Baig composite (substep) method 

7.6. - Stability and accuracy analysis 

VIII. Transient analysis in nonlinear dynamics  

8.1. - The nonlinear dynamics equation 

8.2. - Time discretization of the nonlinear dynamics equation 

8.3.-Example: The nonlinear Newmark- ̡  algorithm in predictor-d-form 

IX. Harmonic analyses 

9.1. - Discrete Fourier Transform revisited 

9.2. - Harmonic analysis using the full space 

9.3. - Harmonic analysis using mode 

X. Spectral and seismic analyses 

 10.1. - Accelerograms and ground excitation 

 10.2. - The equation of motion for ground excitation. Accelerometers and vibrometers 

 10.3. - Elastic Response Spectra: SD, SV, SA, PSV, and PSA 

 10.4. - Modal superposition methods for spectral analysis.  Modal  

 10.5. - Static correction or mode acceleration method 

XI. Bibliography 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

  Course Learning Units  

4. - BIBLIOGRAPHICAL REFERENCES 

ALARCÓN, A., ALVAREZ, R. & GÓMEZ-LERA, S. Cálculo Matricial de Estructuras. 

Barcelona, Spain: Ed. Reverté, S.A., 1986.  ISBN: 84-291-4801-9. 

CLOUGH R.W. & PENZIEN J. Dynamics of Structures. 2nd edition.  London, UK: Ed. 

McGraw-Hill, 1993. ISBN-10: 0071132414 / ISBN-13: 9780071332411. 

HOU-CHENG HUANG. Static and Dynamic Analysis of Plates and Shells. Berlin, 

Germany: Ed. Springer-Verlag, 1989. ISBN-10: 0387195386 / ISBN-13: 

9780387195384.  

LAROZE S. & BARRAN, J.V. Mécanique des Structures. Solides Èlastiques, Plasques et 

Coques. Vol. 1. Paris, France: Ed. Eyrrolles-Masson. 

PRZEMIENIECKI J.S. Theory of Matrix Structural Analysis. New York, USA: Ed. Dover 

Publications, 1986. ISBN-10: 0486649482 / ISBN-13: 9780486649481. 
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RAO S.S. Mechanical Vibrations. 5th edition. Singapore: Ed. Pearson Education Center, 

2011. ISBN: 9788177588743.  

TIMOSHENKO, S. & WOINOWSKY-FRIEGER, S. Theory of Plates and Shells. New York, 

USA: Mc Graw Hill, 1989. ISBN: 9780000858206. 

Spanish version: TIMOSHENKO, S. & WOINOWSKY-FRIEGER, S. Teoría de Placas y 

Láminas. Bilbao, Spain: Ed. Urmo, 2005. ISBN: 9788431401160. 

ZIENKIEWICZ, O.C. Finite Element Method. 5th edition. Oxford, UK: Ed. Butterworth-

Heinemann, 2005. 

Spanish version: ZIENKIEWICZ, O.C. El Método de los Elementos Finitos. Barcelona, 

Spain: Ed. Reverté, S.A., 2004. 

5. - SPECIFIC RECOMMENDATIONS 

It is generally advisable to resolve the simple exercises by analyzing the results 

obtained with different meshes and to verify to what extent the hypotheses made are 

fulfilled in the theoretical approaches. 

 On the other hand, it should not be forgotten that only with training in calculus can 

clear criteria be acquired. Therefore, it is recommended that students try to do similar 

exercises to the ones proposed for continuous assessment, but using problems from 

their professional activity as a base. 

It is recommended to perform the Self-Assessment Tests, which will help the students 

know their learning status. Tests results are not taken into account for subject grades, 

only for student informative purpose. 

6. - TUTORSHIPS 

Students can contact the tutor using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Mr. Marcos Latorre Ferrús 

 E-mail: marcos.latorre@yale.edu  

7. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

mailto:m.latorre.ferrus@upm.es
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A.2. - INTRO TO DYNAMIC ANALYSIS WITH PRACTICAL SOFTWARE 

TEACHING STAFF 

Tutors 

Román Martín MSc Civil Eng.  

Ronald Siat MSc Civil Eng. 

 

1. - OBJECTIVES 

The purpose of the subject is to introduce the student to the basic concepts of 

Dynamic Analysis of structures. It does so by using the practice program to solve 

distinct types of dynamic analyses that can all be resolved with the same method, so 

that the theoretical concepts that have been taught can be assimilated and the 

resolution of real problems can be made with a Finite Element program. 

Students will use CivilFEM Powered by Marc as application and practical software. 

2. - CONTENT  

The subject is structured into seven chapters, which describe the different types of 

analysis and how to do them, and gives examples of what each one resolves. 

1. Introduction to dynamic analyses. 

2. Fundamentals: Single DOF system. 

- General equation of motion. 

- Damped/Undamped free vibrations.  

- Damped/Undamped forced vibrations.  

3. Damping. 

- Introduction. 

- Rayleigh damping. 

- Percentage critical. 

- Typical values. 

4. Modal analysis. 

- Introduction. 

- 2 DOF equation of motion. 
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- Natural frequency. 

- Mode extraction method. 

- Multi DOF problems. 

- Rigid body modes. 

- Prestressed modal analysis. 

5. Transient analysis. 

- Introduction. Time response. 

- Direct integration: Newmark Beta/Generalized Alpha operator. 

- Time step. 

- Calculation time. 

- Load vs time tables. 

- Transient parameters. 

- Nonlinear response. 

- Initial conditions. 

- Damping. 

- Postprocess results. 

6. Harmonic Analysis. 

- Introduction. Frequency response. 

- Equation of motion. 

- Forces and boundary conditions. 

- Harmonic loads. 

- Solution controls. 

- Postprocess results. 

7. Modal spectral analysis. 

- Introduction. Time vs frequency domain. 

- Response spectrum. 

- Participating factors. 

- Modal combination. 

- Seismic design according to codes & standards. 

 



)ÎÔÅÒÎÁÔÉÏÎÁÌ -ÁÓÔÅÒȭÓ ÉÎ 4ÈÅÏÒÅÔÉÃÁÌ ÁÎÄ 0ÒÁÃÔÉÃÁÌ !ÐÐÌÉÃÁÔÉÏÎ 
of Finite Element Method and CAE Simulation  

 

44 
 

A Course Order Index document has been created to help students follow a proper 

study order combining the different parts with their documentation (Lectures, 

Workshops and Assessment Exercises). 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

The teaching material for this subject is composed of the resolved exercises given and 

CivilFEM software.  

4. - BIBLIOGRAPHICAL REFERENCES 

The references are related to the modules previously studied: 

-AF.1: FEM general theory 

-AF.3: Numerical calculation 

-AP.1: Introduction to the use of practical software. I 

-AP.2: Introduction to the use of practical software. II 

- A.1: FEM theory applied to structure dynamic analysis. 

- CivilFEM Theory Manual. 

- CivilFEM Python Manual. 

- CivilFEM Interpreter Documentation. 

As well as the documentation that is online in the virtual classroom. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

The student must follow the proposed exercises in order to do a self-evaluation. These 

exercises will be also useful for the student evaluation and qualification.  

Students must provide a brief report including description of the decisions taken in the 

analysis. The report should contain the most representative graphical plots or 

screenshots of each step and result. 

6. - SPECIFIC RECOMMENDATIONS 

This subject must be taken after having finished subjects AP.1 and AP.2 so that the 

other ŎƘŀǇǘŜǊǎΩ Ƴŀƛƴ ǘŜŀŎƘƛƴƎǎ Ŏŀƴ ōŜ ŎƻƳǇƭŜǘŜŘ ŀƴŘ ŀǎǎƛƳƛƭŀǘŜŘ ǘƘǊƻǳƎƘ ǇǊŀŎǘƛŎŜΦ  
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Each exercise should not take more than three hours, although it is recommended that 

the student practices as much as possible with the menu in the post-process phase, 

analyzes, and interprets the physical sense of the results obtained. 

7. - TUTORSHIPS 

Students can contact tutors using the ǎǳōƧŜŎǘΩǎ Ǿirtual classroom. 

Mr. Román Martín: r.martin@ingeciber.com 

Mr. Ronald Siat r.siat@invi.uned.es 

Another way is to contact by telephone: 

Tuesdays, from 3:30 PM to 7:30 PM (UTC/GMT+1). 

Telephone: (+34) 91-386-22-22 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  

mailto:r.martin@ingeciber.com
mailto:r.siat@invi.uned.es
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A.3. ɀ DYNAMIC ANALYSIS PRACTICES 

TEACHING STAFF 

Román Martín MSc Civil Eng.  

Ronald Siat MSc Civil Eng. 

1. - OBJECTIVES 

The main goal of this subject is to complete, with 

exercises that have to be done using CivilFEM, the 

concepts explained in the Theoretical and Application 

subjects of module A. Students will use CivilFEM 

Powered by Marc as application and practical 

software. 

 

2. - CONTENT 

Index of CivilFEM Powered by Marc practices (A.3): 

1. Dynamic Analysis of a Cantilever Beam. 

2. Workbench Table. 

3. Modal Analysis of a Building. 

4. Jointed Cylinder System. 

5. Bracket. 

6. Serviceability Limit State of Vibrations in a Footbridge. 

7. Seismic analysis of a frame. 

8. Dynamic Analysis of Tacoma Narrows Bridge. 

9. Steel cable string. 

10. Cable stayed bridge. 

11. Anti-vibration mounts. 

12. Wind turbine analysis. 

13. Vortex shedding on chimney. 

14. Moving load in bridges. 

15. Spectral analysis of a transmission tower. 
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A Course Order Index document has been created to help students follow a proper 

study order combining the different parts with their documentation (Lectures, 

Workshops and Assessment Exercises). 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

The documentation provided with the resolved exercises proposed. 

4. - BIBLIOGRAPHICAL REFERENCES 

Subjects of this course: 

- A.1. - Static and Dynamic Structural Analysis Foundations 

- A.2. - Dynamic Analysis Course. Application with the Practice Program 

- CivilFEM Theory Manual. 

- CivilFEM Python Manual. 

- CivilFEM Interpreter Documentation. 

As well as the documentation that is online in the virtual classroom. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

The student must follow the proposed exercises in order to do a self-evaluation. These 

exercises will be also useful for the student evaluation and qualification.  

Students must provide a brief report including description of the decisions taken in the 

analysis. The report should contain the most representative graphical plots or 

screenshots of each step and result. 

6. - SPECIFIC RECOMMENDATIONS 

This subject must be taken after having finished subjects A.1 and A.2 so that the other 

ŎƘŀǇǘŜǊǎΩ Ƴŀƛƴ ǘŜŀŎƘƛƴƎǎ Ŏŀƴ ōŜ ŎƻƳǇƭŜǘŜŘ ŀƴŘ ŀǎǎƛƳƛƭŀǘŜŘ ǘƘǊƻǳƎƘ ǇǊŀŎǘƛŎŜΦ  

Each exercise should not take more than three hours, although it is recommended that 

the student practices as much as possible with the menu in the post-process phase, 

analyzes, and interprets the physical sense of the results obtained. 

Scripting language is available in the software, it will help the user to automate 

common tasks and carry out the analysis in terms of variables, macros, if-else 

statements, loops and more features that are advanced. 
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7. - TUTORSHIPS 

Students can contact tutors using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Mr. Román Martín: r.martin@ingeciber.com 

Mr. Ronald Siat r.siat@invi.uned.es 

Another way is to contact by telephone: 

Tuesdays, from 3:30 pm to 7.30 pm (UTC/GMT+1). 

Telephone: (+34) 91-386-22-22 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  

mailto:r.martin@ingeciber.com
mailto:r.siat@invi.uned.es
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MODULE B ɀ NON LINEAR ANALYSIS 

B.1. - F.E.M THEORY APPLIED TO NON-LINEAR STRUCTURES 

CALCULATION 

TEACHING STAFF 

José Ma Sancho Aznal 

1. - OBJECTIVES 

The purposes of this 

subject are get to know 

and understand the 

formulation using the Finite 

Element Method for 

nonlinear problems in 

structures from an 

engineering perspective, 

the application to large 

displacements, large deformations and stiffening by stress problems; as well as being 

an introduction to nonlinear mechanics of solids, and in addition to beam element 

formulation and their solution methods. 

2. - CONTENT 

INDEX 

 

I. Introduction to Non-Linear Problems 

1.1. - Nonlinearity causes 

1.2. - Some simple examples 

1.3. - Non-geometric linearity with a D.O.F.  

1.4. - Models with two D.O.F. Critical Load 

II. Continuum Mechanics Applied to the Non-Linear Analysis 

2.1. - Movement Description. Lagrangian Formulations 

2.2. - Polar Decomposition Theorem 
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2.3. - Cauchy and Piola-Kirchhoff stresses 

III. Matrix Formulation of Elements 

3.1. - Incremental Equilibrium Equations 

3.2. - Stiffness Matrix of a Hinged Bar 

3.3. ς Stiffness Matrix of a Bar Subjected to Flexure 

IV. Solution Methods 

4.1. - Loads Increment 

4.2. - Critical Steps 

4.3. - Arc-length Methods 

4.4. - Instability Points Calculation. Linearized Buckling  

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

Teaching Units 

4. - BIBLIOGRAPHICAL REFERENCES 

Teaching units and references are in the same unit. 

5. - TUTORSHIPS 

Students can contact the tutor using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Professor José Ma Sancho Aznal 

 E-mail: jmsancho@invi.uned.es  

6. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  

mailto:jmsancho@invi.uned.es
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B.2. - INTRO TO NONLINEAR ANALYSIS WITH PRACTICAL SOFTWARE 

TEACHING STAFF 

Ronald Siat MSc Civil Eng.  

1. - OBJECTIVES  

 

The first objective of the course is to find answers to some basic questions of nonlinear 

structural calculation such as the following: What is a nonlinear structure? What kinds 

of problems require a nonlinear analysis? What are the causes of nonlinear behaviour? 

What is different in a nonlinear analysis? What is different in a nonlinear analysis by 

finite elements? What are the essential peculiarities of a nonlinear analysis by finite 

elements? The second objective is to learn to solve these questions using a Finite 

Elements program. 

Students will use CivilFEM Powered by Marc as application and practical software. 

2. - CONTENT 

Index of CivilFEM Powered by Marc contents (B.2): 

1. Introduction to nonlinear analyses. 

- Nonlinearities. 

- General considerations. 

- Sources of nonlinearities.  

2. Numerical analysis. 

- Iterative solution methods. 

- Newton-Raphson method. 

- Arc-Length. 

- Analysis convergence. 

- Residual criteria. 

- Displacement criteria. 

- Convergence. 

- Load increment parameters. 
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3. Geometric nonlinearity. 

- Large strain. 

- Large displacement. 

4. Structural stability. 

- Linear Buckling. 

- Nonlinear buckling. 

5. Material nonlinearity. 

- Plasticity. 

- Engineering stress. 

- True stress. 

- Hardening. 

6. Contact Analysis. 

- Contact bodies. 

- Friction. 

- Glue contact. 

- Touching contact. 

7. ACTIVATION/DEACTIVATION 

- Material age. 

- Excavation. 

- Staged construction. 

A Course Order Index document has been created to help students follow a proper 

study order combining the different parts with their documentation (Lectures, 

Workshops and Assessment Exercises). 

3. - BASIC TEXT AND OTHER TEACHING MATERIALS 

The teaching material for this subject is composed of the resolved exercises given and 

CivilFEM software.  

4. - BIBLIOGRAPHICAL REFERENCES 

Subjects of this course: 

-AF.1: FEM general theory 

-AF.3: Numerical calculation 

-AP.1: Introduction to the use of practical software. I 
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-AP.2: Introduction to the use of practical software. II 

- CivilFEM Theory Manual. 

- CivilFEM Python Manual. 

- CivilFEM Interpreter Documentation. 

As well as the documentation that is online in the virtual classroom. 

5. - CONTINUOUS ASSESSMENT EXERCISES 

The student must follow the proposed exercises in order to do a self-evaluation. These 

exercises will be also useful for the student evaluation and qualification.  

Students must provide a brief report including description of the decisions taken in the 

analysis. The report should contain the most representative graphical plots or 

screenshots of each step and result. 

6. - SPECIFIC RECOMMENDATIONS 

This subject is very large as nonlinear problems are found in a wide range of technical 

applications. 

 It is advisable for students, after carefully studying each chapter, to follow the 

resolution of the exercises and the problems highlighted in the subject text on their 

computers and to resolve the exercises of subject B.3. 

7. - TUTORSHIPS 

Students can contact tutors using the ǎǳōƧŜŎǘΩǎ ǾƛǊǘǳŀƭ ŎƭŀǎǎǊƻƻƳΦ 

Mr. Ronald Siat r.siat@invi.uned.es 

Tuesdays, from 3:30 pm to 7:30 pm (UTC/GMT+1). 

8. - SENDING THE CONTINUOUS ASSESSMENT EXERCISES 

The student will upload the continuous assessment exercises in the virtual classroom. 

  

mailto:r.siat@invi.uned.es
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B.3. ɀ NONLINEAR ANALYSIS PRACTICES 

TEACHING STAFF 

Ronald Siat MSc Civil Eng.  

1. - OBJECTIVES 

The main goal of this subject is to 

complete, with exercises that have 

to be done using CivilFEM Powered 

by Marc, the concepts explained in 

the Theoretical and Application 

subjects of module B. 

Students will use CivilFEM Powered by Marc as application and practical software. 

2. - CONTENT 

The exercises refer to each nonlinearity dealt with in the application course. 

Index of CivilFEM Powered by Marc practices (B.3): 

1. Large Deflection in Box Section Arch.  

2. Truss Plastic Analysis. 

3. Two Beams in Contact. 

4. Hertz Contact. 

5. Steel Building Construction Process. 

6. Linear and Nonlinear Buckling of Arch. 

7. Truss-spring system. 

8. Buckling of a steel cylinder. 

9. Construction process of a bridge. 

10. Retaining wall. 

11. Friction Analysis of a Slab Foundation. 

12. Concrete Cracking. 

13. Cable structures. 

A Course Order Index document has been created to help students follow a proper 

study order combining the different parts with their documentation (Lectures, 

Workshops and Assessment Exercises). 
































































